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Abstract 

We extend Zhu's theory to the case of intertwining operators of vertex operator 
algebra V. Namely, we show that the space of trace functions S 1 (u, r) of inter- 
twining operators I of type W w ) satisfies modular invariance for each U and 
u G U and we construct modular forms of vector type of rational weights. As an 
application, we calculate trace functions of some intertwining operators explicitly. 

1 Introduction 

For a rational vertex operator algebra V with central charge c and the set of irreducible 
^-modules {W 1 , W m }, Zhu's theory insists that the set of trace functions 

Swi (v, r) = z^q- c / 2 hr lw ,Y w \v, z)q L ^ (q = e 2 ™) 

for v G V satisfy some modular invariance (SL(2, Z)-invariance) if V satisfies condition Ci 
(see Def. 2.7), where Y w " (v, z) is the module vertex operator of v on W % . Especially, if v 6 
V\ n u then SL(2, Z) acts on an m-dimensional vector space CiS^i \ v , t) ~\~ ■ ■ • ~\~ CS\ym (v : t) 
and (Sw 1 ^, r), Sw m (v, r)) become modular forms of vector type of integer weight 



n. This theory was extended by Dong, Li and Mason in [pLiM]] to the orbifold model, 
where V has an automorphism g of finite order and one consider the trace function 
tiw i 9Q L ^~ c ^ 24: - The author has also extended Zhu's theory to the trace functions in 



many variables, ||Mil|| , |[Mi2| . As applications of these theories, we can construct a lot of 
modular forms of integer weights from holomorphic vertex operator algebras. Recently, 
attention has come to be paid to modular forms of rational weights, see ||BKMS|| and |TI5j . 
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In this paper, we will show a new construction of modular forms of rational weights by 
using intertwining operators of vertex operator algebras. For example, we will construct 
modular forms (with a linear character) of weights |, i, | , = . Actually, our proof covers 
the real weights, but we don't know such a case. 

An incentive of this research is Dedekind's 77-function 

r}(T) = q 1/24 H(l-q n ), 

n=l 



which is a modular form of weight \. It follows from Spinor construction [FEW] that this 
function is given as a trace function 

( l(1 J_) \ 

for some intertwining operator I(*,z) G / I T(1 y) 2 ' 1 j 6 ,\ l , I of L(|, 0)-modules and 

some element it G L(|, |) of weight ~, where L(|,0) is 2-dimensional Ising model (a 
rational Virasoro vertex operator algebra with central charge \) and has three modules 
L(|, 0), L(|, and L(|, ^), where the first entry denotes central charge and the second 
denotes the lowest weights. Since L(|, ^) is the only one irreducible L(|, 0)-module W 

satisfying ^ I ( T n ^ TT7 | and we have dim / ( r/1 16/ ] —\ the space 

of trace functions 

< q~ c/2 Hi lw I{u, z)q L ^ ;/£/( ^ ) , W is an 0)-module > 

has dimension one for each u G L(|, This fact suggests the possibility of the extension 
of Zhu's theory to the trace functions of the intertwining operators. Our main purpose 
in this paper is to show that this is true and to prove that the space of trace functions 
S' / (m, r) given by intertwining operators / of type W w ) for each U satisfies a modular 
invariance if U satisfies a weaker condition CWol- See Theorem 4.15 and Theorem 5.1. 
Using the result (Corollary 2.13 in ||Li2|| ) given by Li, the proofs of these theorem are 
essentially the same as in ||Zh|| . As we however are interested in the extension of Zhu's 
theory and the mechanics of modular invariance of trace functions of vertex operator al- 
gebras, we will pick up and repeat the necessary parts with the suitable modifications. 

The author wishes to thank E. Bannai and T. Ibukiyama for their helpful advices. 

2 Preliminary results 

2.1 Vertex operator algebras 
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Definition 2.1 A vertex operator algebra is a Z-graded complex vector space: 

v = \\v n 



' n 



satisfying dimV^ < oo for all n and V n = for n«0. IfvEV n we write wt(v) = n and 
say that v is homogeneous and has (conformal) weight n. For each v G V there are linear 
operators v n G End(V) ; n G Z which are assemble into a vertex operator 

Y{v,z) = ^^(n)^- 1 G (EndV)^,*- 1 ]]. 
Various axioms are imposed: 

(1) For u,v G V, u{n)v = for n sufficiently large. 

(2) There is a distinguished vacuum element 1 G Vq satisfying Y(l, z) = 1 and Y(v, z)l = 
v + Y.n>2 v (- n ) lzn ~ l - 

(3) There is a distinguished Virasoro element u G V2 with generating function Y(u,z) = 
J2nez L{n)z~ n ~ 2 such that the component operators generate a copy of the Virasoro algebra 
represented on V with central charge c. That is 

[L(m), L(n)] = (m - n)L(m + n) + ^( m3 ~ m )^m+n,oC 

Moreover we have V n — {y G V|L(0)t; = nv} and 4-Y(v,z) = Y(L(—l)v,z). 

(4) "Commutativity" holds 

(z -w) N [Y(v jZ ),Y(u,w)} = 0forN»0 

Such a vertex operator algebra may be denoted by the 4-tuple (V, Y, 1, to) or more 
usually, by V. 

It is well known that vertex operators satisfies "Associativity". 



{a{m)v){r) = ^(-1)* (™^J a{m - i)v{r + i) - (-l) m+i ^" )v{m + r - i)a{i) {2.1) 
for a, v G V. 

Definition 2.2 A module for (V, Y, 1, Co) is a Z-graded vector space M = © n >oM(n) with 
finite dimensional homogeneous spaces M(n); equipped with a formal power series 

Y M (v,z) = ^v M (n)z- n - 1 G (End(M))[[z,^ 1 ]] 

neZ 

called the module vertex operator of v for v G V satisfying: 
(1) Y M (l,z) = l M ; 



m 



3 



(2) Y M (cu,z) = Y.L M {n)z- n ~ 1 satisfies: 
(2. a) the Virasoro algebra relations: 

[L M (n), L M (m)} = (n - m)L M (n + m) + 5 n+mfi ^-c, 

(2.b) the L(—l)- derivative property: 

Y M (L(-l)v,z) = ^-Y M {v,z),and 

(2.c) L M (0) M ( n ) = (k n )^M(n) for some k n eC. 

(3) "Commutativity" holds; 

{z - w) N [Y M (v,z),Y M (u,w)} = for N»0 

(4) "Associativity" holds; 

Y M (u n v : z) = Res w ((to - z) n Y M (u, w)Y M (v, z) - (-z + w) n Y M (v, z)Y M (u, w)) , 

where (-z + w) n = J2T=o {Di-z^n* and (?) = ^-iy-^-i + i) _ 

It follows from the definitions of modules that if W is an irreducible ^-module then 
W has a lowest weight r such that W = ®^l W r -|- n , where L(0) acts on W r+n as a scalar 
r + n. 

Definition 2.3 A vertex operator algebra (V,Y,l,u) is called "rational" if it has only 
finitely many irreducible modules and all modules are completely reducible. A vertex op- 
erator algebra with a unique irreducible module is called "holomorphic" . 

Throughout this paper, V = (B%L V n is a rational vertex operator algebra (V,Y, l,u>) 
with central charge c and U is an irreducible ^-module. We assume that U is spanned 
by elements of the forms L(—n\) ■ ■ ■ L(—n t )u (n l5 ...,n t > 0) for u satisfying L(n)u = 
(n > 0). 

Zhu has introduced the second vertex operator algebra (V, Y[, ], l,o>) associated to V 



in Theorem 4.2.1 of [^h[] 



Definition 2.4 The vertex operator Y[a, z] are defined for homogeneous a via the equality 

Y[a,z] = Y(a,e z - l)e zwt(a) E End(V)[[z, z' 1 }} 
and Virasoro element Co is define to be uj — c/24. 
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For the proof of this fact, see [ZE | or the proof of Theorem 2.1. We should note that 
Zhu has used Y[a, z} 2 ni = Y(a, e 2wiz - l) e *ri«*(«) and £u 2wi = (2ni) 2 (uj - c/24) and Dong, 
Li and Mason have used Y[a, z]\ in ||DLiM|| . We adopt Y[a, z]\ = Y(a,e z )e wt( - a ^ z and 
Co = uj — c/24 because we can define it for a vertex operator algebra over the rational 
number field. It follows from the direct calculation that the differences are given by 

a[n] 27ri u = (2my n ^ 1 a[n} 1 u. (2.2) 

Using a change of variable we calculate that 

v[m] = Kes z Y [v , z]z m 

= Res z Y[v, log(l + z)](log(l + z)) m (l + z)~ l 
= Res z Y{v, z)(log(l + z)) m {l + z)^' 1 . 

In this paper, Res z G Hom(^/{z}, V) is given by Res 2 (^ mGC a m z m 1 ) = Oq. In 
particular, for v G V and m G Z, there are a, G C such that 



v[m\ = v[m / 

i=i 



+ y^Qji;(m + i). (2.3) 



For example we have 



OO / 

.[0] = E( 

i=0 V 



Wt(f ) 
2 



«(«■)• ( 2 - 4 ) 



We also write Y[u, z] = Y^ n& L[n]z n 2 and set Vj n ] = {v G V|L[0]i; = nv}. For v G Vj^ 
we denote it by [wt] (v) = n. For example, one has 



L[0]=L(0) + ^i 7 ^— L(n) (2.5) 
' n(n + 1 

n=l v ' 

and so ffi n <ivW r +„ = ©n<Ar^[r+n] f° r an y irreducible ^-module PU = @^ =0 W r+n . 

The main operators in this paper are not vertex operators of elements of V, but 
intertwining operator of elements of ^-module U. 

Definition 2.5 Let (W l , Y l ) (i = 1,2,3) be V -modules. An intertwining operator of type 



n-l 



W 1 -> Hom(W 2 , W 3 ){z} 



-r-l 



stzc/i that 

(1) for Wj G Wi and r G C, W\(r + n)u> 2 = for n sufficiently large; 

(2) £l(w u z)=I(L(-l)w u z); 

(3) "Commutativity" holds; 



(z-w) N {Y'\v,z)I(u,w)- I{u,w)Y 2 {v,z)} = forN»0; 
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(4) "Associativity" holds; 

I(ui(ra)v, z) = Res w {(w - z) n Y 3 (u, w)I(v, z) - {-z + w) n I(v, z)Y 2 {u, w)} . 

It is known (c.f. |[Lil]| ) that (3) and (4) are possible to be replaced by the following 
Jacobi identity for the operators 



z^5(^)Y 3 (v, Zl )I( Wl , z 2 )w 2 - z ^5(^)I( Wl , z 2 )Y 2 (v, Zl )w 2 
= z 2 - 1 5(^)I(Y 1 (v,z )w\z 2 )w 2 



--2 



As in the case of module actions, for v £ V and u £ W 1 we have the standard 
consequence from (2.6): 

[Y(v, Zl ), I{u, z 2 )\ = R eSzo z^5(^)I(Y(v, z )u, z 2 ) 

= I{Y{v, Zl - z 2 ) - Y(v, -z 2 + zx))u, z 2 ). 1 ' ' 

Here [Y(v, Zi), I(u, z 2 )} denotes Y 3 (v, zi)I(u, z 2 ) — I(u, z 2 )Y 2 (v, Z\). 

By calculating the coefficients of z{ m ~ 1 z 2 k ~ l in (2.7), we have the following commu- 
tator formula as in the case of VOAs. 



I (k)] = Y,( m )(v(j)u) I (m + k-j), (2.8) 



\v(m),u 

j=0 



where I(u,z) = J2rec ul \ r ) z r 1 ^ Y l (v,z) = J2iez vl ( m ) z m 1 f°r z = 1,2,3 and 
[v(m), u^k)] denotes v 3 (m)u 1 (k) — u I (k)v 2 (m). In particular, 

[L(0), w\k)} = (w 1 (0)«) / (A; + 1) + (w 1 (l)u) / (A;) = (wt(«) - Jfe - (2.9) 

and so w 7 (wt(u) — 1) is a grade-preserving operator and denoted by o / (m). 



If (W, Y w ) is a (V, Y(, z), 1, cj)-module, then by the same arguments as in [ZE | , one 



shows that W become a (V, Y[, ], 1, a))-module by module vertex operator ^[tj, 
Y w (v,e z — l)e wt(l, K We will extend it to intertwining operators. 



Theorem 2.6 Let J(, z) £ /(^^ ^,2) • Define the second intertwining operator ![*, 2] 6y 

/[«,«] = /(n,e 2 -l)e 2wtW (2.10) 

for homogeneous u £ W 1 . Then I[*,z] is an intertwining operator of type [ wl w w2 ), 
where W l are (V,Y[,z],l,Q) -modules (W 1 , ¥*■[, z]), (W 2 , Y 2 [, z]), (W 3 , Y 3 [, z]). 



[Proof] As mentioned at (4.2.3) in |Zh 



a*[m] = Res z (Y\a, z){ln{\ + z)) m {l + z)^' 1 (2.11) 
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-m—1 



for a E V and i = 1, 2, 3, where F l [a, 2] = Xlmez a% [ m \ z ~ 

(1) Commutativity of J[, z\. Set /(x, z) = (e 2 — e x )/(z — x). By Commutativity of /(, z), 

= ( e x - 1 - e 2 + l) 7 ^ 3 ^, e x - l^^/tw, e 2 - l) e wt W 2 

-J(«, e z - l)e wt(u)2 F 2 (a, e x - l)e wt(a)x ) 

= (x-z) N f(x, z) N (Y s [a, x]I[u, z] — I[u, z]Y 2 [a, x\) 

Since (e z — e x ) = (z — x)(l + \{x + z) + ...), f(x,z) has an inverse in C[[x, z]]. Hence 

= (x-z) Ar (y 3 [a,x]J[w,z] -i>,^]F 2 [a,x]) (2.12) 

(2) For the proofs of Associativity of I[, 2;]: 

(a[m]w)[r] = ^(-l^^afm - i]u[r + i] - (-l) m+i ^) u[m + r - i]a[i] (2.13) 



and L[— l]-derivative property: 



/[L[-1] V ]]^/[V], (2.14) 



see the proof of Theorem 4.2.1 in [ZE] with suitable modifications. 



We next recall the so-called condition C2 introduced by Zhu \ ZE \ and give a weaker 
condition. 

Definition 2.7 For a V -module U, set C 2 (U) =< a(—2)u : a E V,u E U > and 

C[2,o](U) =< a[— 2}u,a[0]u : a E V,u E U >. We call that U satisfies condition C 2 if 
dim(U '/ C2(U)) < 00 and U satisfies condition C[ 2i q] if dim(£7/C[2,o](^)) < 00. 

We note a(—n)u E C^iU) for any n > 2 since (m — l)v(—m) = (L(—l)v)(—m + 1). 
From Associativity (2.1), we easily have: 

Lemma 2.8 V/C 2 (V) is an associative algebre with a product given by v x w = v(—l)w. 
Also U/C[2](U) is a V/C^iV) -module whose action is given by v(—l)u + C 2 (U) for v E 
V,uEU. 

We also have the following from (2.3). 

Lemma 2.9 If we set C[ 2 ](U) =< a[—2]u : a E V,u E U >, then dimU/C[ 2 ](U) < 00 if 
and only if dim U/C 2 (U). 



[Proof] 
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2.2 Zhu-algebra 

Let U be a ^/-module. Following [FZ we define left and right actions of V on U as follows: 



(1 + x) wt< - a ' ) 

a ■ u = Res x F(a, (2-15) 

x 

(1 + x) wt ( a ) _1 

it * a = Res x Y(a,x)u, (2-16) 

x 

for any homogeneous vector a E V and for any u £ U. Let 0(£7) be the subspace of U 
linearly spanned by all elements, 

(1 _|_ x) wt( >) 

Resz Y(a,x)u, (2-17) 

for any homogeneous a G V , u G U . Set A(U) = U/0(U). Then it is known (Theorem 



1.5.1 JFZ|) that A(V) is an associative algebra with a product • and A{U) is an A(V)- 
bimodule under the defined left and right action. Zhu showed that uj + 0{V) is in the 
center of A(V) and A(V) is a finite dimensional semisimple algebra if V is rational. As 



mentioned in Remark 2.9 in [|Li2 1 



a-u-u*a = Res x (l + x) wt{a) - 1 Y(a,x)u = jr( Wt ^. a iU = a[0]u. (2.18) 

i=o ^ z ' 

Li recently proved the following theorem (Corollary 2.13 in ||Li2|| ), which was mentioned 



in EH- 

Theorem 2.10 IfV is rational, then there is a natural linear isomorphism 

7T : I ^ Hom A(y) (A(t/) ® A(V) iy 2 (0), W 3 (0)) (2.19) 

/or irreducible V -modules U, W 2 , W 3 , where W 2 (0) and W 3 (0) are the top modules ofW 2 
and W 3 , respectively. Here it (I) is given by 

n(I)(u Cg) m) — u(wt(u) — 1 + r 2 — r 3 )m (2.20) 

form G M 2 (0), uEU, I(u,z) = J2k£C u (k) z ~ k ~ 1 andr 2 ,r 3 are the lowest weights ofW 2 
and W 3 , respectively. 

2.3 Elliptic functions 

In this section we will quote several results from [ZE|. The Eisenstein series G2k\i~) 
(k = 1, 2, ...) are series 

G 2k(r)= Yl 7 J-^k i ork>2, (2.21) 

(m,n)^(0,0) V ' 



and 

G 2 ( T ) = — + V V- L^ fo rA;=l. 



They have the g-expansions 

(2fc-l) 



n=l 

where £(2fc) = E"=i i and g = e 2 ^ T . 

We make use of the following normalized Eisenstein series: 

E k (r) = 1 -^- k G h {r) for k > 2. 

It is clear from (2.21) and (2.22) that 

^ .ar + b. . , , c(cT + d) 

(r) is a modular form of weight 2k for > 1. 



Set 



Pi(z, r) = -+ Yl + - + 4)' 



p 2 (z,r) = \+ (- — - — — — ), Weierstrass -p-function 

z l (z — wY ur 

w£Zt+Z-{0} y ' 

and ^ ^ 

Pk+i{z,r) = _ ^^^ fc ( 2; ' r ) for k - 2 - 

^ (A; = 1, 2, ...) have the Laurent expansion near z = 0, 



(27lV^T) fc 

(2vrV^T) fc 



n=l 



2n+2 (r)^ +2 " fc 



and the g-expansion of ~~^^=f~ ~ is 



oo 



-== = hi2\T)Z H h > 

2vr v /z T 2 e 2 - 1 ^ Ve 2 - g n 1 - e 2 g n 

v n=l x 



see H p. 248. 
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Zhu [ ZE] introduced a formal power series. We adopt it by multiplying (27r^/— 1) fc : 

n fc-l 2 n 

)! ^ 1 - o n 



Pk(z,q) 



(k — 1)\ <■ — ' l — q" 



(2.31) 



for n > 0. Note that 



where ^z^r is understood as Ei^o^™ an( ^ i- -» = _ ? n r" 
z^Pk(z, q) = kPk+i(z, q). It is easy to prove that Pk(z, q) converges uniformly and abso- 
lutely in every closed subset of the domain {(z,q)\ \q\ < \z\ < 1}. The relation between 
Pk(z,q) and p k (z,r) are given by 



Pi(e z ,q) = 

P2(e z ,q) = - 
Pk(e z ,q) 



1 z 

-p 2 (- — ^=,t) + E 2 (t) and 



(2tt\/^T) 2 27rV^T 



r) for k > 2. 



2W-1' 2W-1 



(2.32) 

(2.33) 
(2.34) 



2.4 Equations 

In this paper, we will quote several equations from [ZTJ . 

Write (1 + 2) wt ^- 1 (/n(l + z)~ l ) = Ei>-i Then c -i = 1 and 

a[— l]u = Cid(i)u 

i>-l 



(2.35) 



by the definition of Y[a, z\. Zhu proved the following equations (c.f. (4.3.8)-(4.3.11) in 

my- 



E,>_! CiReSvdw - zyz n - l - l w~ n - £i>_i Ci Re Su; ((-z + wfz^ 1 '^ 
= 1, 

Ei>-1 C i ReS ro ((^ - 2)^wt(a)-l-^-wt(a)p i( i g) 

- Ei>_i CiRes w ((-z + w )^ wt ( a )- 1 - i w;- wt ( a )(P 1 (f , g) - 1) 



(2.36) 



(2.37) 



and for m > 2, 



Ei>-1 QReS. (i ,(( W - 2 )i Z wt(«)-l-» r wt(a)p B( , g) 

- Ei>_! QRes^((-^ + ui) i z" t ( a )- 1 V wt Wp fll (f , g) 
= E m (q). 



(2.38) 



He also got the following equation at the end of the proof of Proposition 4.3.2 in 



T,m&i P m+l(x,q)a[m]b. 



(2.39) 
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[Proof] Set ( m j +x ) = Es=o c(m, i, s)x s . Then since 

J2T=o iiH 1 + 2 )] s (! + z^^w 8 = (1 + z)^)- 1 exp(/n(l + z)w) 
— (\ _)_ <2 ) wt ( a )~ 1 (l + z) w = ^ wt ( a )7 1 + u '^« 

= E^o EUo c ( wt ( a ); = E^o E^s c(wt(a), z, s)z% s , 

we have 

oo 1 

^c(wt(a),z,s)z* = -[ln(l + z)} s (l + z) wt ^- 1 

i=s 

and so 

c(wt(a), i, s)a(i) = —a[s]. 

i=s 

Therefore 

E:=oE„,o r ( t 1+n )T^«H& = E^oE^(EL)^(fl)."».*)n - )i$raH6 
= Er=o En^o(E~= s c(wt(o), m, s)a(m)b)£$ 

= Er=oE^oi«[#s$ = Er= ^ +1 M# 

3 Trace functions 

Let W be a ^-module. For an intertwining operator !(*, z) G /(^ w ), define 
: (V ® ft)®^ 1 ) ® ([/ ® H) ® (V ® H) 8(n_<) — > C by 

-^((^l, Z l)> •••5 ( a i-l> ^i-l), ( M ; Zi), Zi+l), (a n , Z n ,)) 

for homogeneous aj G V (z = 1, ...,n) and u E U and extend it linearly. In this paper, 
we will use i 7 ^ only for n = 1,2. For simplicity we will often omit the lower index W in 
when no confusion should arise. For example, F J ((u, z),t) = tr -\ w o 1 (u)q L ^ does not 
depend on z and so we denote it F^(u, r). 

Since we will calculate the traces and all coefficients aj(m) of Y(a,i, z) shift the grading 
by integers, it is sufficient to consider only coefficients u(k) of I(u, Zj) = Yl u{k)z^ k ~ l 
which shift the grading by integers. 

The case U = V is Zhu's theory. The arguments (circulating arguments) in Zhu's paper 
depends on Commutativity among {Y w (di, z) : i}, but not on Commutativity of Y w {ai, z) 
with itself. Hence if only one intertwining operator I(u, Zi) appears in the definition of Fjy, 
{Y w (ai, Zi), Y w {a i - 1 , Zj-i), I(u, Zi), T w (a n , z n )} satisfy Commutativity each other, 
that is, with the others, and so we can apply the circulating arguments. Therefore we 
have the following results. 

Proposition 3.1 For any a G V and u G U , we have 

F I ((a[0}u,z),q)=0. (3.2) 
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[Proof] 



= tr lw (o{a)I{u, z)q L ^ - I{u, z)q L ^o{a)) = tr, w [o{a), I{u, z)]q L ^ 
= z- wt ^F 7 ((a[0]u,z),g) 



Proposition 3.2 

F 7 ((a, x), (u, z),q) = z-^tr^o^o 1 (u)q L ^ + ^ P m+1 (£, g )o'(aH«)? t(0) (3.3) 



meN 

F 7 ((w,2;),(a,x),g) , , 

= ^ wt («)tr |iy0 (a)o 7 ( M )g i (°) + £ meN ( Wf , ?) ~ <W) o 7 (aM«)<? L(0) 1 J 

[Proof] We just follow the proof of Proposition 4.3.2 in fZb"H with suitable modifica- 
tions. For k 0, set o k (a) = a(wt(a) — 1 + k). We have 

tr ]w o k {a)I{u, z)q L ^ = tr ]w [o k {a), I(u, z)]q L ^ + U\ w I(u, z)o k (a)q L ^ 

= E, 6 n ( wt{a) r 1+fc )^)- 1+fc - J tr| W J(a(2) M ,z)g L ( ) + tr ]w I (u, z)q L ^o k (a)q k 

= E, £ n r (a \r 1+fe )z wt W- 1+fc - l tr| iy J(a(z)n,z)g L (°) + tr| W o fc (a)J(u,z)g i Wg fc 

Solving for tr| W Ofc(a)/(M, z)q L ^ in the above identity, we have 

U ]w o k (a)I(u, z)q L ^ = -?— k £ ( Wt(a) ~ 1 + k ) z^-^tr lw I(a^ U , z)q L ^ . 

1 q v 1 ' 



(3.5) 



Similarly, we have 



tT ]w I(u, z)o k {a)q^ = * £ ( Wt(a) 1 + fc ) z^-^-Hr\ w I(a(i)u, z)q^ . 

(3.6) 

Using the above, we have 
F 7 ((a,x), («, z),q) 

= z wt{ - u hi\ w o{a)I(u, z)q L ^ + z wt ^ J2 k ^o x~ k ti\ w o k {a)I{u, z)q L ^ 
= z wt{ - u hi\ w o{a)I(u, z)q L ^ 

+z wt(u) E^o^I^ E ieN ( wt(a) 7 1+A > wt W- 1+fc -nr| iy /(a(^) M , s)^) 
= z wt(lt) trnyo(a)/(u, z)g L(0) 

+ E i6N £r=i(( wt( t 1+ ^(f )^^^ 



tr| H ,o(a)o 7 (n)g i (°) + £ J N ^o>Mu)? i(0) by (2.39). 
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Similarly, we have 



F\{u,z), (a,x),q) 

= z wt( - u hr\ w I(u, z)o(a)q L ^ + z wt ^ Y, k ^o x~ k t*\wl(u, z)o k (a)q L ^ 
= z^ u hT\ w I(u, z)o(a)q L ^ 

+^ wtW E M o^ fc T$ E, 6 n ( wt(a) - 1+fc )^ wt(a ^ 1+fc " J tr| iy J(a(z) M , z)q L ^ 
= z w ^ u hi\ w o{a)I(u, z)q L ^ - F 7 ((a[0]w, z), q) 

+ E ie NEr=i(( wt(a) - 1+fc )T J ^(f) fc + r (B) r 1-fc )i^(f)"*)^((«(0«^),g) 

= tr| WO (a) O W (0) + E to6 n(%^ - S m>o y(a[m]u)qm by (2.39). 



Proposition 3.3 

oo 

tT\ w o{a)o{u)q L(Q) = tr lw o(a[-l}u)q L{0) - E 2k (r)tr ]w o(a[2k - l}u)q m (3.7) 

k=l 

[Proof] Write (1 + z)^' 1 (ln(l + z))~ l = Ei>-i c i^ ( note that c -i = x )- Then 
a[— l]u = J2i>-i c i a (,i) u - We have 

F J ((a[-l]u,z),g) = £\ CiZ^-^z^hi^Iiafyu, z)g L (°) 
= Ei c i z wt(a) - 1 - i+wt(u) Res w _ z (w - Z ytr lw I{Y (a, iw - z)u, z)g L{0) 
= E/ c i 2Wt(a) " 1_i+wt{u)Res »( w - z)Hx\ w Y(a,w)I(u, z)q L ^ 
~ Ei Qz wt ( a )- 1 - i+wt ^Res^(-z + w;) i tr| H //(u, z)Y(a, w;)g i(0) 
= J2i ic i Res w((w - z) i z* t ('>- 1 V wt < J )F / ((o ) iD) l (m,z),(/)) 
- £\ 2c i Res U) ((-z + u;) i z wt ( a )- 1 - i w- wt ( a )F I ((u, (a, iw), g)). 

By Proposition 3.2 and (2.36)-(2.38), we have 

[-l] u )q L (o) = z wt( - u hY\ w o{a)I{u, z)q L ^ 
-|F'((a[0K z),q) + Er=i E 2k (r)F((a[2k - l]u, z), q) 
= tr| VK o(a)o / (n)g i (°) + £~ =1 E^o 1 (a[2k - \}u)q L ^ . 



As an intertwining operator version of Proposition 4.3.6 in ||Zh|| , we have proved the 
following: 

Theorem 3.4 For a G V,n £ U , we have 

tr\ w o(a[0]u)q m = 0, (3.8) 

oo 

tr\ w o(a[-2}u)q m + ^{2k - l)E 2k {r)ti\ w o(a[2k - 2}u)q m = 0. (3.9) 

k=2 
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[Proof] (3.8) is proved in Proposition 3.1. Replace a in (3.7) by L[— l]a. Since 
(L[-l]a)[2Jfe - 1] = -(2k - l)a[2k - 2] and o(L[-l]a) = 0, we have (3.9). 



Lemma 3.5 For every u G U , 



tv\ w o{Co)o{u)q L ^ = (gA - ^ w0 {u)q L ^ (3.10) 



and so 



OO j 

ti\ w o{L[-2}u)q L ^-^E 2k {r)ti\ w o{L[2k-2\u)q L ^ = (g— -c/2A)tv ]w o(u)q L ^ (3.11) 



' dq 

k=i H 



[Proof] Clearly, ti\ w o(uj)o(u)q Since 
o(uj) = o(oj) — 7^, we have (3.10). Substitute Co into a of (3.7), we have (3.11) by (3.10). 



4 The space of one point functions on the torus 

We will use the following notation: 

(a) M(r(l)) is the ring of holomorphic modular forms on T(l) = ST^Z); it is naturally 
graded M(T(1)) = © fe > M fc (r(l)), where M k (T(l)) is the space of forms of weight k. It 
is known that M(T(1)) is generated by E^r) and E 6 (t). (c.f. Proposition 1.3.4 in |[Bu|| .) 

(b) Set U{T{1)) = M(r(l)) ® c c/. 

(c) O g (U) is the M(r(l))-subspace of C/(r(l)) generated by the following elements: 

v[0]u, t)6V,«e[/ (4.1) 

CX) 

t;[-2]n + ^(2A;-l) J E2 fe (r)®t;[2A;-2]n «eV,tie[/ (4.2) 

k=2 

A crucial connection between Zhu-algebra and Eisenstein series is Lemma 5.3.2 in [EE]. 
We will reform it for modules as follows: 

Lemma 4.1 Set a* T u = a[— l]u — XlfcLi E2 k {T)a[2k — l]u. The constant terms of a* T u 
in U[[q\] for a G V, u G U is 

a-u- ^a[0]u. (4.3) 
In particular, the constant term of Co * T u (= L[—2]u — Yli^i E2k(T)L[2k — 2]u) is 

Co -u - ]:Co[0]u. (4.4) 
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[Proof] By (2.29), we have a[-l]&-£~ x E 2k (r)a[2k-l}u = Res 2 (>>, z]( Pl (^-, r)- 
< Ffrf& z )) u an d ^ s constant term is 

±Res 2 (y[ a ,z]g±i) u 

= ±Res 2 (Y(a,V - l)e zwt ^^{) u 

= a-«-|a[0]« by (2.15) and (2.4) 



Definition 4.2 For an irreducible V -module U , we now define the space C\(U) of one 
point functions on U to be the C-linear space consisting of functions 

s : u(r(i))®n^c 

satisfying the following conditions: 

(CI) For u G [/(r(l)) ; S(u,t) is holomorphic in r. 

(C2) S(u,r) is M(r(l)) -linear in the sense that S(u,r) is C-linear in u and satisfies 

S(f(T)®U,T) = f(T)S(u,T) 

for f{r) G M(r(l)) andue U. 
(C3) For u G O q {U), S{u, r) = 
(C4) For u G U, 

oo 

S(L[-2]u, r) = dS(u, r) + J2 E 2k (r)S(L[2k - 2}u, r) 

k=2 

Here d is the operator which is linear in u and satisfies 

dS(u, t) = d k S(u, t) = ^-.^S(u, t) + kE 2 (r)S(u, r) (4.5) 

2m clt 

for u G U[k] and 

dS(f ® u, r) = (d h f(r))S(u, r) + f(r)dS(u, r) 
for f(r) G M fc (T(l)) and d h f(r) = + hE 2 (r)f(r). We note qj- q = ±± 

Set S^u, r) = F f (u, r)q~ c ^ 2A = ti^o 1 {u)q L( ^ > ~ c ^ 2A for u G U and extend it linearly for 
M(r(l)) ® U, where c is the central charge of V. 

Proposition 4.3 

S' / (*,r) G C\(U) if S T (u,r) is holomorphic in r. 
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[Proof] (C2) is clear. Theorem 3.4 implies (C3). By Lemma 3.5, 

F'(L[-2]u, r)q-^ - E^F 1 (L[2k - 2]u, r)q~^ 

= E 2 (r)F I (L[0}u,r)q- c / u + (g| - c/2A)ti\ w o{u)q L ^)q- c l 2A 
= E 2 (t)F i (L[0}u, T)q~ c / 2A + qf q ti\ w o(u)q L ^- c / 24 
= d (ti lw o(u)q L ^- c / M ) by (4.5). 

Hence S 7 (*,t) satisfies (C4). I 

We fix an element S(*, r) G C\(U) for a while. 

Lemma 4.4 Let u EU . If U satisfies condition Cp.o] #ien i/iere are m G N and r,j(r) G 
M(r) /or i = 0, m — 1 such that 

m— 1 

S(L[-2]"X r) + ^ r i (r)S'(L[-2] i «, r) = 0. (4.6) 

[Proof] Since C^q\{U) is a direct sum of homogeneous subspaces with respect to the 
degree [wt], there exists N such that elements a satisfying [wt]a > N are in C[ 2 ,o]{U). 
Let A be the M(r(l))-submodule of U(T(1)) generated by ® n <NU[n}. We claim that 
U = A + O g (U). Suppose false and let K be a minimal weight of U/(A + O q {U)) and 
choose u G U — (A + O q (U)) with weight X = [wt]u. Clearly, we have [wt]u > N and so 
u = h[— 2]it>i + X] c j[0] u i with 6j, Cj G V, «j G [/. We may assume that u = b[— 2]w 
and [wt](6[-2]«) = K. Then 

oo 

b[-2]w G - J2( 2k - l)E2k(T)b[2k - 2}w + O q (U) CA + O q (U) (4.7) 

k=2 

by the minimality of K since [wt](6[2/c — 2]iw) < K for fc > 1. Hence C/(r(l))/Q ? (V) is a 
finitely generated M(r(l))-module and so there are m G N and r^r) G M(r) such that 
L[-2] m u + E^o 1 n(r)L[-2]^ G O q (U). , 



Lemma 4.5 Let u G C7 . Suppose that L[n}u = /or n > 0. T/ien /or i > 1 there are 
elements fj(r) G M(T) for j = 0, — 1 such that 

i-l 

S(L[-2] l u, r) = d'Siu, r) + J2 f^)d J S(u, r) (4.8) 

i=o 

[Proof] We will prove (4.8) by induction on i. Since L[n]u = for n > 0, (C4) implies 
S(L[-2]u,t) = dS(u,r). By (C4), we have ,S(L[-2]L[-2] i M, r) = dS{L[-2] i u,T) + 
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Y^T=2 E 2 kS(L[2k — 2]L[— 2] l u, r). On the other hand, since L[2k — 2]L[— 2} l u is written as 
Yl % j~=^ 1 PjL[— 2] J 'it with some constants pj for k > 2, we have the desired statement. | 

Bearing in mind the definition of d and using (4.8), (4.6) may be reformulated as 
follows: 

Proposition 4.6 Suppose that U satisfies condition C[2,o] and u E U satisfies L[n]u = 
for n > 0. Then there are m G N and hi{r) G M(T) for i = 1, m — 1 siic/i t/jat 

(-) m 5( M , r) + £ fc(r)(-)'S(u, r) = 0. (4.9) 

i=0 



Theorem 4.7 If U satisfies condition C[ 2j o], ^en 5 7 (u,r) holomorphic on the upper 
half-plane for u E U. 

[Proof] By (3.8) and (3.9), we may assume that L[n]u = for n > 0. Then by the 
same argumets as in the proof of Proposition 4.6, we obtain that 5 ,/ (n,r) satisfies (4.9). 
Since (4.9) is regular and hi{r) converges absolutely and uniformly on every closed subset 
of {q | \q\ < 1}, so does S T (u, r). I 

As a corollary, we have: 

Corollary 4.8 Assume that U satisfies condition Cpoi- Then S(u,t) converges abso- 
lutely and uniformly in every closed subset of the domain {q \ \q\ < 1} for every u G U 
and the limit function can be written as q h f{q), where f(q) is some analytic function in 
{<? I |?| < !}■ 

[Proof] We will prove the assertion by induction on [wt]w. Assume L[n]tt = for 
n > 0. Since hi{q) in (4.9) converges absolutely and uniformly on every closed subset of 
{q | \q\ < 1} and the equation (4.9) is regular, we have the desired result for S(u,t). If 
u = L[—l]w, then S(u,r) = 0. So we may assume that u = L[— 2]w since < L[n] : (n < 
0) > is generated by £[— 1] and L[— 2]. In this case, since 

S(L[-2]w, t) = dS{w, r) + J2 E 2kS(L[2k - 2}w, r), 

k=l 

we have the desired result by induction. I 

Now assume that u G U satisfies L[n]w = for n > 0. (4.9) is a homogeneous linear 
differential equation with holomorphic coefficients and, such that is a regular singular 
point. We are therefore in a position to apply the theory of Frobenius-Fuchs concerning 
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the nature of the solutions to such equations. Frobenius-Fuchs theory tells us that S(u, r) 
may be expressed in the following form: for some p > 0, 

p 

S(u,T) = J2^gqyS t (u,r) (4.10) 

i=0 

where 

b(i) 

S i (u,r) = J2^S t , ] (n,r) (4.11) 

3=1 

oo 

S id (u,T) = J2^j,nq n (4.12) 

n=0 

is homomorphic on the upper half-plane, and ^ \j 2 (mod Z) for j'i ^ j 2 - 

We claim that S^ii, r) has the similar form for every u E U . (c.f. Theorem 6.5 ||DLiM|| ). 

Theorem 4.9 Suppose that U satisfies condition CWo]- for every w G £7, the function 
S(u,t) can be expressed in the form (4-10), (4- 11), (4-12). 



[Proof] We will prove the theorem by induction on [wt]u. If L(n)u = for n > 0, 
then we have already mentioned at (4.10)-(4.12). Since S(L[—l]u, r) = 0, we may assume 
u = L[— 2]w. Then 

S(L[-2]w, t) = 8S(w, r) + J2 E 2k (r)S(L[2k - 2}w, r). (4.13) 

k=l 

By induction, dS(w, r) and S(L[2k — 2]w, r) have the desired forms and so does 
S(L[-2]w,r). , 



Before we will prove the main assertion, we will have the following lemmas: 

Lemma 4.10 Let A be a semi-simple associative algebra over C, let uj be in the center 
of A, and let aBa be an A-bimodule and let F be a linear functional of B satisfying 
F(ab) = F(ba) for every a G A,b G B . Assume further that F((u — r) N u) = for every 
u G U , where r is constant and N is an integer. Then there are irreducible A-modules 
M 1 , M n on which uj acts as a scalar r and P(*) G Hom^(i? <S>a M l , M l ) for i = 1, n 
such that 

n 

F(b)=J2^\ M >PAb) (4.14) 

i=i 

for every b G B, where Pp(b) G End(M l ) is given by P^{b)mi = P(b® mi) for mi G M % . 
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[Proof] Since A is a semi-simple associative algebra, A decomposes into the direct 
sum @Ai of matrix rings A{. We may assume that B is an irreducible A-bimodule. If 
A,B = or BAi = for all i then we have F(ab) = F(ba) = F(0) = for all a E A { 
and so F(b) = 0V6 G B. In particular the assertion is held. So we may assume that A 
is a matrix ring and there is a bimodule isomorphism / : aAa — aBa given by f(a) = 
af(l). Set G(a) = F(af(l)). Since G(aa') = F(aa'f(l)) = F(af(a')) = F(f(a'l)a) = 
F(a'f(l)a) = F(a'f(a)) = F(a'af(l)) = G(a'a), there is k G C such that G{a) = fctr(a). 
Let aM be an irreducible A-module and fix / d 6 M. Set 7(a/(l) (8) a'd) = kaa'd. 
Then /(*) G Honu(-B <g> A M, M) and P I (af(l))a'm = J(a/(1) <g> a'm) = fcaa'm and so 
tr| M P/(a/(l)) = fctr| M a = G(a) = F(af(l)). Since a; is in the center of A, acts on M 
as a scalar, which should be r. I 



Lemma 4.11 We have: 

Skj(a[0]u, r) = for any a G V,u G £/, fc, j. (4-15) 

S k j(u q ,T) = /or any u 9 G O q (U),k,j. (4.16) 

S p j(u * T u, t) = dS Pt j(u, t) /or w E U. (4-17) 

Sk^uj * T u, t) = kS k (u q , r) + dS k -i{u, r) for u E U. (4.18) 

(u* T -d) N Sp- k j(u,T) = 0forN»0. (4.19) 



[Proof] Since U(T(1)) C [%]], (4.15) and (4.16) are clear. Since u* T u = L[-2]u - 
Y.h=i E~2k{T)L[2k - 2]u, we have 

S (u * T u, r) = dS (u, t) . , 

= ELo^Oog?)*- 1 ^^^) + (logg) fe ^.(n,r)} ^ } 

for u E U and so we have (4.18). In particular, we have (4.17). By (4.18), we have 
{Cj * T —d)S r (u, r) = (r + l)S r+ i(u, r). Repeating these steps, we obtain (4.19). | 



Lemma 4.12 Assume T(u,r) = q x J2^=o a n(u)q n satisfies the conditions (4-15), (4-16), 
(4-19), then the coefficient oto(u) of leading term satisfies 

ao(a ■ u) = ao(u * a) for u E U , a E V , (4-21) 

a ( u ) = foruE 0(U) and (4.22) 
ao((u - c/24 - \) N ■ u) = for uEU. (4.23) 
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[Proof] Since T(a[0]w, r) = and a ■ u — u * a = a[0]u, (4.21) holds. Since the 
constant terms of elements in O q {U) generates 0(U), we have «o(w) = for m 6 0(U), 
which proves (4.22). Since the constant term of Cj * t u is Cj ■ u — |tD[0]w for u G U by 
Lemma 4.1 and T(Cj[0]u, r) = by Proposition 3.1, the leading terms of {Cj * t —d)T(u, r) 
is q x ao((u — c/24 — A) • u). Since the operator Cj * T —d does not decrease the minimal 
degree of elements in ?7(r(l))[[g]], the leading term of 

{Cj * T -d) N T{u,r) = 

is q x a ((uj - c/24 - \) N ■ u) = for u G U. I 



We note that 5 ,/ (u,r) satisfies the same conditions. 

Lemma 4.13 Assume T(u,t) = q x Y^=o a n{ u ) ( l n satisfies the conditions (4-15), (4-16) 
and (4-19), then there are irreducible V -modules {W^ : j} with minimal weight A + c/24 
and intertwining operators {P : j} of type W3 W j) such that T(u, r) is a sum of S p (u, r). 



[Proof] Since a (u) satisfies (4.21), (4.22), (4.23), Lemma 4.10 implies that there 
are irreducible y4(^)-modules iy 1 (0), W m (0) on which uj acts as a scalar c/24 + A and 
Iq G Rom A(v) (A(U) ® A(V) W i (0),W i (0)) such that a (u) = ^i^^^Pi^u), where 
Pp o {u)mi = Iq{u (g) mi). By Theorem 2.10, there are irreducible ^/-modules M % with 

/ M' 1 \ 

minimal weight A and intertwining operators P(*,z) G / I nji such that M*(0) is 



JJ M\ 

the top levels of M % and I'q(u x rrti) = o p (u)mi for G M*(0). Then T(u, t) — ^2 S p (u, t) 
satisfies the same conditions (4.15), (4.16) and (4.19) and the degree of the leading term 
is greater than A. Repeating this steps, we finally have the desired result, since there are 
only finitely many non-isomorphic ^-modules. I 

In particular, we have 
Proposition 4.14 5 , i (*,r) = if i > 0. 



*, T 



[Proof] Suppose p > 1. By Lemma 4.13, S p ^i(*, r) is a linear combination of S 
and so 95 , p _i(u,r) = S p ^i(uj * T u,r). On the other hand, we have S p _i(<Jj * T u,r) = 
pS p (u, t) + dS p _i(u, r) by (4.18), so that S p (u, r) = for u G U. I 

So we have proved the following main theorem, which is an intertwining operator 
version of Theorem 5.3.1 in 



Theorem 4.15 Suppose U satisfies condition C^o]- Let {W l , W m } be the set of irre- 

( W k \ 

ducible V -modules and let {J fcj (*,2;) : j = l,...,jk} be a basis of I \ ^ ^ k J. Then 
Ci(U) is spanned by 

{S Ikj (u,r) :k = l, ...,m, j = 1, ...,j k }- 
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5 Modular invariance 

In this section, we will show that C\{U) is invariant under the action of SX(2,Z) if the 
weights of U are real. We note that SL(2, Z) is generated by ( ^ ] and ' 



1 OJ \0 I J ' 

Since C\{U) is spanned by S p (*, r), which have forms <? r (E^Li a nQ n ), the transformation 

of S(u, r) by j J is clear and so it is sufficient to prove the assertion for 7T = 

Let t + 2m (—1 << t < l,m G Z) be the lowest weight of £/. Since t/ is an irreducible 
^-module, the weights of elements in U are all in Z + t. First we take the principal branch 
of (— 2t)~' on iH by taking (re 271 "") - * = r - i e 27r -* 6 ' for r > and — | < 6 < \ and r~*~ 2n is 
understood to be (r^*)r _2n for n G Z. 



Theorem 5.1 For 5(*,r) G Ci(f/) and 7 = ^ Mg SL(2,Z) define 

S\ 1 (u,r) = (- i ry t r^ k S(u,—) (5.2) 

r 

/orue% r/ie re< S|7(*,T) Gd(C7). 

[Proof] Clearly, S|7(w, r) = (—ir)~ t T t ~ k S(u, — ) is clearly holomorphic and it is also 
clear that S'|7(*,r) satisfies (C2). Let a G VLi. Then we have: 

5| 7 (a[0]u,r) = (-irJ-V^^-^farOlu,— ) = 

r 

and 

S\>y(a[-2]u + £°l 2 (2j - l)^(r) ® a[2j - 2]u, r) 
= (-zr)-V*- fc -P- 1 5 , (a[-2]it,r) 

+ Hr)-' ET=2 r'- fc - p+2j - 1 5((2 J - l)^y(^) ® a[2j - 2}u, =1) 
= (-2r)-V~ i; ^- 1 S(a[-2]M,r) 

+ (-.rJ-V*-*-^ 1 E°° =2 S((2j - l)3y(r) 8 o[2j - l]u, =1) 
= (_ ir )-t T ^-fc-P-i5 (a[-2]u + £°° =2 (2j - l)F 2i (r) ® a[2j - l]u, =± 
= 0. 

We hence have (C3). We also have 



(It 



(S\ 1 (u,r)) = £{(^r)- t r t - k S(u,^)) 
-ki-zrr^-^Siu, =1) + (- lr )-V*- fc | : 5(u J ^). 
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Using this, we obtain: 
%(L[-2Kt) 

= (- ?r )-V'- fc - 2 5(L[-2] M , ^) 

= (— r f r M (^TmS(u, f ) + A;E 2 (^)5(n, =*) 

= (-^r)-V- fe - 2 =1) + fcr 2 £ 2 (r)5K =1) - &S(u, =*) 

+r 2 "E 2n (r) 1 S(L[2n-2K^)) 

= (-"■)-« {r^M^ V) + r^A^r)^, =*) - rt- k -^S(u, f ) 
+r 2n + t^- 2jE2n(r)5(L[2r2 _ 2K 

= 2^ =1) _ (- tT yt T M kTS(u, =1)} 

+ (-ir)- t r t - k kE 2 (T)S(u, =i) + (-2r)^'r 2n+ *-^ 2 E 2n (r)S(L[2n - 2]u, =±) 
= 2^ 5 l7(^ r) + kE 2 (r)S\j(u, f ) + P 2n (r)S| 7 (L[2n - 2]«, =*) 

and so (C4). This completes the proof of Theorem 5.1. 



Lemma 5.2 For v £ E/pq, 



P : 




(-»r)-*T^*5(ti, f ) 
(z)*/ 3 £(u,t+1) 



zs a representation of SL(2, Z). 

[Proof] Set A = f ^ ^ and 5= ^ j^. It is sufficient to prove P (A) 2 = 1 and 

(P(A)P(B)) 3 = 1 since SX(2,Z) is generated by two elements satisfying these relations 
freely. 

(P(A)fS(u,r) 

= (-zr)-V- fc (-z^)^(^)*- fc SK ^) 

= (-ir)- t (-i^)-*(-l) t -*5(u,r) 
= S(u,t) (since k -t E 2Z). 

(P(A)P(P)) 3 S(u,r) 

xS(u,—^- 1 + l) 

= mi-T) Tt ( 1 -i^- l r t s(u,T) 

= S(u,t) 
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6 Examples 



Let L(c, h) denote the irreducible module of Virasoro algebra with the highest weight h 
and the central charge c and it was proved in [|FZ|| that L(c, 0) is a VOA. The work in [FQS j 
and [pKO|| gives a complete classification of unitary highest weight representations of the 
Virasoro algebra. In particular, L(c m ,0) for c = c m = 1 — ( m+2 ) 6 ( m+ 3) ( m = 0,1,2,...) 
are rational VOAs called discrete series and their irreducible modules are L(c m , h™ s ) with 

[(■m+3)r-(m+2)s] 2 -l 



h 

L(c 



h 



r,s 
m 



h 7 



4(m+2)(m+3) 

are all determined. 



(r, s G 
see 



N, 1 < s < r < m + 1). The fusion rules among 



FEJ, |W 



Lemma 6.1 L(c m , h™ s ) satisfies condition C^oi- 



[Proof] Set U = L(c m , h™ s ) and let e be a highest weight vector of U. We note that 
(L(c,0),Y[,],1,uj) = (L(c,0),V(,),l,cu) as VOAs. Set P =< L[-n]U : n = 3,4,... >. 
Clearly P C C\2\(U) since (m — l)a[—m] = (L[— l]a)[— m + 1]. P is also invariant under the 
action of Vir_, where Vir__ = (B^ =1 CL[—n]. Since [L[— 1], L[— 2]] = L[— 3], U is spanned 
by {L[-l] n L[-2] m e + P : n,m > 0} and spanned by {L[-2] m e + C [2 ,o](^) : m > 0}. 

L(c, 0) is a quotient of the corresponding verma module M = M(c, 0) and we have 
M = U(Vir_) ■ 1 (cf. |[FZ|| ). We have L(c, 0) = Mj J and J contains a singular vectors of 
the form 

a = L[-2] m l + ^a Rl ,..., nr L[-n 1 - 2]...L[-n r - 2]1 

by 1^11 , where the sum ranges over certain (ni, ...,n r ) G Tj v + with ni + ...+n r ^ 0, a ni ^ G 
C. We note that n]iw)[— l]ix = L[— n]to[— l]u (mod P) for w G L(c, 0), it G U and 
rt > 2 by Associativity (2.1). Therefore, we have 

= a[-l]e = L[-2} m e + a n i,...,n r L[-n 1 - 2]...L[-n r - 2]e = L[-2} m e (mod P). 

So {7 is spanned by {L[— 2]- 7 e + C[2,o](t^) : j = 0, 1, ...,m — 1}, which implies that U satisfies 
condition C[ 2 ,o]- I 



Lemma 6.2 Assume U and W are irreducible L(c, 0) -modules and l( u w w ^) ^ 0. Lei m 
6e a highest weight vector ofU. Then S' / (m, r) ^ 0. 

[Proof] Set U = L(c, k) and W = L(c, h). We note that dimW(h) = dimU(k) = 1. 
Assume ^(tt, r) = 0. We first claim that S T (v, r) = for all v EU . Since [/[&;] = U{k) = 
Cm, ^(f , r) = for v G Assume S J (w, r) = for [wt]u> < n+k and [wt]u = n+l+/c. 

Since U is a highest weight module, we may assume v = L[—l}w or v = L[— 2}w for some 
w G U . Since S 1 (L[— l]w, r) = ^(^[Ojw, r) = by (3.8), we may assume v = L[—2]w. 
Then (3.11) implies S T (v, r) = {qj- q - c/2A)S I (w, r) + E 2r S I {L[2r - 2]w, r) = by 
induction. So we have S t (v,t) = for v G £7. In particular, tr|yK(o)o(i>) = and so 
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o(v)\w(o) — 0. On the other hand, by Theorem 2.10 there is a natural linear isomorphism 
vr : I( V W W ) -> Rom A(v) (A(U) ® A{V) W(0),W(0)) satisfying ir(I)(v ® 6) = o(v)6 for 
w G A(V) and G W(0). Therefore, we have 7r(7) = and so / = 0, a contradiction. | 

We will calculate some trace function explicitly. We always take u E U such that the 
coefficient of the leading term of S(u, r) is one. 

For example, L(|,0) is the first one in the discrete series and it has three irreducible 
modules L(|, 0), |), L(~, y^) as we mentioned in the introduction. For U = ^), 
W = is the only irreducible L(|, 0)-module satisfying ^ l{u w) m ^ a ^ so 

satisfies diml( u w w s ) = 1. Hence S j (?;,t) is a modular form (with a linear character) of 
weight \ for 7^ w G L(|, |)(0). By the definition of trace function, the leading term is 
g~M2 + i6 = q2i . Since S(w, r) and r/(r) are modular forms with liner characters and same 
leading terms and S(u,t)/t)(t) is holomorphic on H, S(u,r) = rj{r). 

The second one is L(^, 0). It has 6 irreducible modules L(^,0), L(j^, j^), L(j^, |), 
|), L(^, ^) and L(^, For U = L(^, i), W = L(^, ^) is the only irreducible 
module satisfying l( u W w ) 7^ 0. It also satisfies diml( u w w } = 1. Hence S J (w, r) is 
a modular form (with a linear character) of weight ^ for u G U(0). Its leading term 
q-ii-m+m = gifo is equal to one of (^(r)) 1 / 5 . Hence S(u,t) = (^(r)) 1 / 5 . 

L(g,0) is the third and has 10 irreducible modules. For U = L(|, |), W = L(|, 
is the only irreducible module satisfying l( u w w s ) ^ 0. It also satisfies diml ( v w W ^J = 1. 
Hence S^u^r) is a modular form (with a linear character) of weight | for u G t^(0) 
and its leading term is q l ^ii + T% = gio, which is equal to the one of (^(r)) 4 / 5 . Hence 
S(u,t) = ( V (t))^. 

L(|, 0) is the fourth, which has 15 irreducible modules. For U = L(|, |), W = L(|, ^-) 
is the only irreducible module satisfying J^J 7^ 0. We also have dim/( f/ M/ w/ ) = 1. 
Hence S^t^r) is a modular form (with a linear character) of weight | for u G U(0). 
The leading term is g~^ + ^r = g 1 / 81 , which is equal to the one of (^(t)) 2 / 7 . Hence 
5(n,r) = (r / (r)) 2 / 7 . 
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